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ABSTRACT
We study the efficiency of grain alignment by radiative torques (RATs) for an ensemble of irregular grains.
The grains are modeled as ensembles of oblate and prolate spheroids, deformed as Gaussian random ellipsoids,
and their scattering interactions are solved using numerically exact methods. We define the fraction of the grains
that both rotate fast and demonstrate perfect alignment with grain long axes perpendicular to the magnetic field.
We demonstrate that for typical interstellar conditions the degree of alignment arising from the RAT mechanism
is significantly larger than that arising from the Davis-Greenstein (DG) mechanism based on paramagnetic
relaxation. We quantify a factor related to the efficacy of alignment and show that it is related to a qmax-factor
of analytical model (AMO) of the RAT theory. Our results indicate that the RAT alignment can potentially be
sufficiently strong and to explain observations even if grains do not have magnetic inclusions.
1. INTRODUCTION
Measuring the polarization from aligned grains is the most
common way of studying magnetic fields in galactic disks
and molecular clouds (see Crutcher et al. 2010). Polarization
arising from aligned dust interferes with attempts to measure
enigmatic B-modes of cosmological origin (Philcox et al.
2018).
Shortly after the first aligned grains were detected by Hilt-
ner (1949) and Hall (1949), the first theories of alignment
were proposed by Davis & Greenstein (1951) for paramag-
netic alignment and Gold (1952) for mechanical alignment.
Those became the two mainstream directions of the research
for a couple of decades with paramagnetic alignment be-
ing the clear favorite (see Lazarian 2003, for a historic re-
view). Significant contributions to understanding of the grain
alignment were made by L. Spitzer (Jones & Spitzer 1967;
Spitzer & McGlynn 1979) and E. Purcell (Purcell 1969; Pur-
cell 1979).
A very different approach was proposed in Dolginov
& Mytrophanov (1976a) and Dolginov & Mytrophanov
(1976b) where it was suggested that an essential piece of
physics related to alignment of irregular, helical grains was
missing in the theory. The authors proposed that the irregu-
lar grains can interact with radiation and this can induce their
alignment. However, these studies were not able to demon-
strate the efficiency of their mechanism and, as it was shown
by later research, the toy model described by the authors was
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unable to exhibit alignment by the radiation. In addition, the
theoretical prediction that the direction of grain alignment,
i.e. whether grains are aligned parallel or perpendicular to
the magnetic field, depends on the angle between radiation
and the magnetic field was not in agreement with polarization
measurements. As a result, these pioneering studies were
mostly ignored for nearly two decades.
Testing of the idea of the irregular grain interaction with
radiation became possible due to the progress in computa-
tions as well as due to the development of (DDSCAT) code
by Draine & Flatau (1994). The corresponding paper by
Draine & Weingartner (1996) clearly demonstrated the abil-
ity of the radiation to spin up grains to high rotational ve-
locities. For many researchers in the community this seemed
already as the solution of the long standing problem of grain
alignment. Indeed, one can think that if the grains rotate
fast they are difficult to randomize and the paramagnetic re-
laxation should perfectly align such suprathermally rotating
grains (Purcell 1979). However, the actual situation hap-
pened to be more complicated. The study in Draine & Wein-
gartner (1997) showed that in realistic settings the grains ex-
perience anisotropic radiation flux which makes the grain dy-
namics far from trivial. Instead of getting perfectly aligned,
grains were shown to exhibit complex phase space dynam-
ics with the effects of paramagnetic relaxation torques being
negligible compared to much more powerful torques arising
from radiation. The authors did not consider the physics
of crossovers (Spitzer & McGlynn 1979) and therefore the
modeling was not able to reproduce the actual dynamics of
grains. These works, nevertheless, established the alignment
of grains by radiation as a promising candidate for explaining
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how grains can be aligned in the interstellar conditions. The
actual physics of alignment remained unclear.
A decade later, after a plethora of studies regarding align-
ment theory, Lazarian & Hoang (2007, henceforth LH07)
provided an analytic model (AMO) of radiative torques
(RAT) alignment. This model was based on a toy model of
helical grain for which the calculations of RATs were done
analytically. Then the predictions of the model were success-
fully compared with the DDSCAT calculations performed for
a sample of irregular grains.
Formulation of AMO included identification and analysis
of certain key properties of RAT alignment. Specifically, in
RAT analysis, the radiative torque is split into three compo-
nents, out of which the third induces precession of the grain
around the radiation field. The ratio of the other two compo-
nents, qmax, was identified by LH07 to be essential in RAT
theory.
The subsequent studies, e.g. Lazarian & Hoang (2008);
Lazarian & Hoang (2019), Hoang & Lazarian (2008, 2009,
2016) clarified many essential physical processes of the RAT
alignment theory and confirmed the RAT alignment as the
dominant process of alignment for grains in various as-
trophysical environments. Those include the diffuse inter-
stellar medium (ISM), molecular clouds, photodissociation
regions, circumstellar regions, comet comas (see Lazarian
2007; Hoang et al. 2015; Tazaki et al. 2017; Kolokolova et al.
2016).
With the progress of the RAT theory and its successful
testing (Andersson et al. 2015) the significance of the RAT
mechanism of grain alignment is generally accepted. How-
ever, as was shown in LH07, the properties of the alignment,
e.g. the degree of alignment, depend on qmax which changes
with the grain shape. The earlier studies of qmax were lim-
ited to a handful of irregular shapes and it was only in Her-
ranen et al. (2019) that hundreds of grain shapes were ana-
lyzed. This study opened the way for predicting the actual
grain alignment for the ensemble of realistic irregular grains.
This is what is performed in the present paper.
In Section 2, the grain alignment problem is formulated.
In Section 3, the grain model used in the numerical meth-
ods is introduced. In Section 4, the equations of motion
relevant in alignment theory are reviewed. Then, DG and
RAT alignment mechanisms are compared using RAT re-
sults for ensembles of irregular grains. Finally, the fractions
of the ensembles for which high-J attractors exist, fhighJ ,
are determined using numerically exact volume-integral-
equation-based T -matrix method (Markkanen & Yuffa 2017;
Waterman 1965, for further details). The implications are
discussed in Section 5 and results summarized in Section 6.
2. FORMULATION OF THE PROBLEM
The description of grain alignment can be performed in the
phase space as it was first demonstrated in Draine & Wein-
gartner (1997). The effects of radiative torques on grains is
advantageous to analyse in the angular momentum, align-
ment angle -space, where alignment angle is measured be-
tween angular momentum and either the radiation direction
or external magnetic field direction. In the defined phase
space one can find stationary points. Using this approach
LH07 provided the study for the AMO and defined, as we dis-
cuss below, the parameter space for which the expected grain
alignment is perfect, i.e. grain long axes are perpendicular
to the magnetic field. Such alignment corresponds to grains
in the stable stationary points (attractors) corresponding to
high angular momentum, or high-J attractor points. Note,
that within the RAT mechanism such alignment is possible
without any assistance from the Davis & Greenstein (1951)
paramagnetic relaxation.
If one introduces the measure of alignment of grain angular
momentum
QJ =
3
2
〈
cos2 ψ − 1
3
〉
, (1)
then for high-J attractor points QJ,highJ = 1. For fast rotat-
ing grains the internal relaxation aligns the angular momen-
tum J with the axis of maximal moment of inertia X (Pur-
cell 1979). The internal relaxation can arise from the tradi-
tional inelastic relaxation (Purcell 1979; Lazarian & Efroim-
sky 1999), or the process termed Barnett relaxation in Pur-
cell (1979) or even more exotic, but even more powerful,
nuclear relaxation introduced in Lazarian & Draine (1999).
For the typical interstellar conditions these processes bring
J and X in perfect alignment and therefore grains are ro-
tating with their long axes perpendicular to the magnetic
field B. The corresponding measure of the alignment of
grain axes QX,highJ coincides therefore with QJ,highJ , i.e.
QX,highJ = 1.
For grains in low-J attractor points the alignment of J is
not perfect as the subthermal angular momentum can easily
be randomized by the gaseous bombardment. In addition, the
thermal fluctuations within grains induce the variations of the
direction of X in relation to J (Lazarian 1994; Lazarian &
Roberge 1997; Lazarian & Draine 1999). In this paper we
will adopt the value QX,lowJ ≈ 0.25 that was obtained in
numerical simulations in Hoang & Lazarian (2008).
As a result, the ensemble of grains that has both low-J and
high-J attractor points has the total alignment measure
QX = fhighJQX,highJ + (1− fhighJ)QX,lowJ , (2)
where fhighJ is the fraction of grains that are aligned in the
high-J attractor points. Therefore the overall measure of
alignment for an ensemble of grains depends on fhighJ .
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Figure 1. The parameter space for the existence of high-J attractor
defined in LH07 is shown as a shaded region. It corresponds to
the negligible magnetic relaxation. As δm increases the parameter
space for the high-J alignment expands. From Hoang & Lazarian
(2016).
The existence of high-J attractors depends on the grain in-
teraction with the radiative torques. These torques in LH07
were decomposed into 3 components Γ1, Γ2 and Γ3, where
the latter component of the torque is responsible for grain
precession, while the two former components are responsible
for the alignment. In fact, it was demonstrated by LH07 that
the ratio of the amplitude of these torques, i.e. qmax = Γ1/Γ2
is a key parameter that determines the dynamics of grain
alignment. The LH07 study introduced the requirements for
the existence of the high-J attractors, qmax and the angle ψ
between the direction of radiation and magnetic field. For the
parameter space where there are no high-J attractor points,
the RATs decrease the grain rotational velocities bringing
grains in low-J attractor points.
While the RAT alignment does not require any effect of
paramagnetic relaxation, it was demonstrated in Lazarian &
Hoang (2007) that an enhanced magnetic dissipation can sta-
bilize high-J stationary points, transferring them to high-J
attractor points. This effect was quantified in Hoang & Lazar-
ian (2016) with the results presented in Figure 1. There an
additional factor
δm =
τran
τm
, (3)
is introduced, where τran is the time of randomization by dif-
ferent processes that include gas bombardment, emission of
photons, interaction with ions etc. (see Draine & Lazarian
1998a, for a complete list of randomizing processes) and τm
is the time of the magnetic dissipation of the rotational en-
ergy of the grain. This parameter is the key factor for the
Davis-Greenstein mechanism, but for the RAT alignment it
plays an auxiliary role increasing fhighJ .
While the angle ψ is determined by the relative position of
the radiation source to the direction of grain precession about
the magnetic field, qmax is an intrinsic property of grain de-
termined by its shape and composition. Our work is intended
to find out the percentage of realistic irregular grains that can
have high-J attractor points for different settings.
3. SAMPLE OF GRAINS TO STUDY
In this work, we consider ensembles of 500 grains. The
grain shapes are deformed from a smooth oblate/prolate
spheroid to Gaussian random oblate/prolate spheroids (here-
after referred as Gaussian oblate/prolate grains) (Muinonen
& Pieniluoma 2011). The deformations for the basic shape,
which have aspect ratios a : b : c = 1 : 1 : 0.5 for the oblate
shape and 1 : 0.5 : 0.5 for the prolate shape, all follow log-
normal statistics for the radius deformation with a standard
deviation 0.125, and a correlation length 0.35 between points
on the spheroid.
The Gaussian random deformation process provides means
of studying statistical samples of random shapes with control
over their general inertial properties using a minimal amount
of parameters. The chosen aspect ratios reflect the assump-
tion that high rotational speeds would likely disrupt more ex-
treme shapes, and that sphere-like inertial and shape proper-
ties are the most unlikely to differ from results by Mie scat-
tering analysis of spheroidal grains.
For the sake of consistency, the statistical behavior of the
deformed grain radii and moments of inertia are studied.
The principal moments of inertia for an oblate and a prolate
spheroid are
Ip,oblate =
m
20
diag(5, 5, 8),
Ip,prolate =
m
20
diag(2, 5, 5),
(4)
where diag denotes elements on a matrix diagonal. We com-
pare the statistical average and standard deviation of diago-
nalized inertia matrix components to determine whether the
inertial properties of the base shape are conserved. We also
compare the deformed volumetric radii Rvol (also radius of
the sphere of equivalent volume, or aeff ) with those of the
base shapes. A distinction between the two is made here,
as in the scattering calculations all the grains are scaled so
that a desired aeff is achieved, whereas here we use Rvol to
measure with a single number whether or not the shape de-
formation affects the overall shape. For a general ellipsoid,
the volumetric radius is simply Rvol = (abc)1/3. The results
are collected in Table 1. We see that the randomization pro-
cess indeed produces expected values close to that of the base
shapes.
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Table 1. Ensemble properties compared to the undeformed base shapes. The dimensionless units of length are chosen so that the semimajor
axes have values 1 and semiminor axes have values 0.5. The components of Ip and the corresponding standard deviations have been scaled so
that the last components, or maximal moments of inertia, are equal. Correlation length is fixed at 0.35 for all shapes.
Rvol E[Rvol] σ diag(Ip) E[diag(Ip)] σ
Oblate 0.7937 0.8026 0.0482 (5, 5, 8) (4.185, 5.899, 8) (0.355, 1.183, 1.101)
Prolate 0.6300 0.6454 0.0582 (2, 5, 5) (1.978, 4.578, 5) (0.306, 1.009, 0.954)
Figure 2. Alignment coordinate system.
4. ALIGNMENT FRACTION ANALYSIS FOR
GAUSSIAN RANDOM ENSEMBLES
Analysis of RATs on irregular grains is done using en-
sembles of Gaussian random ellipsoids (Muinonen & Pie-
niluoma 2011) (GRE). A single GRE shape can be identified
by two statistical parameters, the correlation length between
displacements and the standard deviation of displacements
from the undeformed ellipsoid surface. Regeneration of a
single explicit shape is possible by fixing the axial ratios of
an ellipsoid and resetting the seed of random number gener-
ation. The method provides means of producing large num-
bers of random shapes, suitable for assessing the predictions
of AMO, although GREs are unlikely to be a perfect repre-
sentative of interstellar grain shapes.
4.1. Equations of motion for alignment
We work in the alignment coordinates (ξ, ψ, φ), where ξ is
the alignment angle between angular momentum and mag-
netic field vectors J and B, ψ the angle between B and
anisotropic radiation direction k, and φ the Larmor preces-
sion angle of J around B. The coordinate system is illus-
trated in Figure 2. In the following analysis, averaging a
quantity q is denoted by q¯.
Using the equations of motion of RATs where perfect inter-
nal alignment is assumed, we have, similarly as in LH07, for
the alignment angle ξ and angular momentum J ′ = J/I1ωT :
dξ
dt′
=
M
J ′
F¯ (ξ, ψ)− δm sin ξ cos ξ, (5)
dJ ′
dt′
= MH¯(ξ, ψ)− J ′(1 + δm sin2 ξ). (6)
Above, t′ = t/τgas, I1 is the maximal grain moment of iner-
tia, ωT = (2kBTgas/I1)1/2, M = γλ¯urada2eff/2. Finally, F¯
and H¯ are the φ-averaged aligning and spin-up RAT compo-
nents.
The stationary points (ξs, Js) can be found setting the
equations of motion to zero, which leaves us with
F¯ (ξs)(1 + δm sin
2 ξs)
H¯(ξs)
= δm sin ξs cos ξs. (7)
The zeros of equation (7) now give, as shown in LH07, the
stationary points in the (ξ, J) phase space. Specifically, we
find universal stationary points sin ξs = 0, which have, after
φ-averaging, F¯ = 0.
Generally, for a stationary point to be an attractor, we have
the requirements, as given by Draine & Weingartner (1997,
DW97),
A+D < 0, BC −AD < 0, (8)
where
A =
M∇F¯
J ′s
− δm cos 2ξs, B = −M
J ′2s
F¯ ,
C = M∇H¯ − δmJ ′s sin 2ξs, D = −(1 + δm sin2 ξs),
(9)
and ∇ ≡ ddξ . When we consider the universal stationary
points, the requirement for high-J attractors simplifies to
∇F¯
H¯
∣∣∣∣
sin ξs=0
− δm < 0, H¯ > 0. (10)
When the equations of motion are analysed for grain en-
sembles as a function of ψ, we can find fhighJ . In the fol-
lowing calculations, we assume that maximal grain axes are
aligned with the magnetic field, i.e. the universal stationary
points only are considered. Physically, this corresponds to a
situation where the alignment process has reached a steady
state, and all alignable grains are aligned. Thus, the fraction
fhighJ is the fraction of grains for which the requirement (10)
for any of the two universal stationary points is satisfied.
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4.2. RAT versus paramagnetic alignment
When considering the Davis-Greenstein (DG) mechanism
for oblate grains, we use the basic definition of the alignment
measure QJ,DG that is given by Eq. (1), where the ensem-
ble average
〈
cos2 ψ
〉
is given by Lazarian (1997, henceforth
L97), summarized in Appendix A. The alignment of grain
axes QX,DG is expected to be reduced if grains rotate ther-
mally, i.e QX,DG < QJ,DG. However, for the sake of sim-
plicity, we disregard the effects of imperfect internal align-
ment (Lazarian 1995) and assume QX,DG = QJ,DG.
We compare the alignment mechanisms by fixing δm = 1
in both alignment mechanisms. Additionally, we assume in
the DG mechanism that the dust-gas temperature ratio is 0.2
and an aspect ratio 1:1:0.5 of the spheroid. The ensemble
analysis gives a rather high, but variable QX,RAT, while the
perturbative approach yields a constant QX,DG ≈ 0.105.
In Figure 3, we compare the chosen DG test case against
QJ predicted by RAT alignment for 0.2-µm oblate GRE en-
semble at λ = 480 nm. The alignment degree predicted by
the DG-mechanism can be disregarded as irrelevant, when
compared to the alignment degree by RATs. Even for larger
values of δm, the difference must still be significant in the
favor of RAT alignment, as RAT values approach unity while
the DG value approaches 0.33.
Generally, the RAT alignment is expected to be depen-
dent on the grain size, as any scattering phenomenon. Size-
dependence provides an additional dimension to the analysis,
which is addressed in the later sections. In the DG mecha-
nism, the highest degree of alignment is reached when the
dust temperature approaches zero, which corresponds to per-
fect internal alignment in the DG perturbative scheme. For
this example, a zero dust temperature would yield values 0.14
and 0.77 for the δm = 1 and δm = 100 cases, respectively.
However, since the results of Figure 3 correspond to typical
assumptions of interstellar dust temperatures, the DG mech-
anism can likely be deemed nondominant for most typical
environments.
4.3. Connection between distributions of qmax and fhighJ
For increasing the predictive power of RAT theory, we are
most interested in quantifying the dependence of fhighJ on
the qmax-factor, or qmax = max(Qe1)/max(Qe2).
First, to illustrate the properties of the fundamental quan-
tities in this study, we choose the 0.1-µm Gaussian oblate
ensemble with 500 grains in total. Then, we calculate their
qmax under radiation with 2 different wavelengths, 300 and
640 nm. We find that under these different conditions, the
same ensembles have significantly different distributions of
qmax, as seen in the right half of Figure 4. In the left half of
Figure 4, we see that a shift in the mean of qmax correlates
with a similar shift in the functional form of fhighJ . In these
two cases, the mean value of qmax is either 1.46 or 2.58.
Figure 3. Comparison of alignment degrees between the RAT and
DG mechanisms. RAT results are produced by the 0.2-µm oblate
GRE ensemble at a single wavelength, λ = 480 nm, and DG results
from an analytic formulation of perturbative DG solution.
Second, we study how the ensemble-averaged qmax, or
q¯max, behaves for these ensembles as a function of λ/aeff .
For this, in Figure 5, we combine the results for the 0.1-
µm and 0.2-µm ensembles and compare the two different
shape ensembles against each other. The functional forms
are nearly identical. Inside the currently chosen wavelength
range, perhaps the most interesting behavior is observed
around λ/aeff = 5, where the value of q¯max reaches a lo-
cal minimum.
Next, we are interested in the behavior of fhighJ when ψ is
kept constant and λ/aeff varies. This tells e.g. how the mini-
mum of fhighJ around ψ = 30◦ in Figure 4 behaves. For this,
we divide the range of ψ ∈ (300, 1920) nm to 10 equally-
wide bins. For a simple test case, in the left panel of Figure 6
we consider the 0.1-µm oblate ensemble and ψ around 23 de-
grees. We see that the region λ/aeff = 5 produces the lowest
fraction of high-J alignment. When collecting all ψ-bins to
a single image in the right panel of Figure 6, we see that this
choice actually corresponds to a global minimum of fhighJ .
In the leftmost column of the right panel in Figure 6, we see
that fhighJ has generally the lowest values, corresponding
to a decrease in the high-J fraction for larger grains. We
see that this indeed happens, when focusing on the oblate
0.2-µm ensemble in Figure 7. Further, comparing previous
results to those of the prolate cases in Figure 8, we see that
this behavior is not shape-dependent.
The results presented in Figures 6–8 indicate that there is
a systematic shape in the parameter range where fhighJ is
small. Namely, for small grains there is a severe lack of
high-J attractor points when the angle ψ between radiation
and magnetic fields is at ∼20 degrees. When grains become
larger, the values of fhighJ start to flatten in terms of ψ and
decrease from the near-unity values between ψ = 40◦ and
ψ = 90◦.
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Figure 4. Left panels: The calculated fraction of grains with a high-J attractor point for the 0.1-µm ensemble and wavelengths 300 nm (top),
and 640 nm (bottom). Right panels: The calculated distribution of qmax corresponding to their leftward panels.
Figure 5. The functional form of q¯max as a function of λ/aeff for
the oblate (top) and prolate (bottom) ensembles.
There seems to be a stark contrast between the generally
known behavior of RATs as a scattering phenomenon and
fhighJ . Stronger interactions between light and larger grains
than between light and small grains is a key physical reason-
ing as to why small grains are inefficiently aligned. The value
of fhighJ alone would indicate the opposite.
However, the known properties of qmax indicate a connec-
tion to fhighJ . Larger grains, for which the distribution of
qmax spread out and the mean values qˆmax are larger, also ex-
hibited more spread out valleys of fhighJ values and slightly
decreased maximum values. In Figure 9, the largest oblate
case (0.2 µm, λ = 300 nm) is shown. The values of fhighJ
in the δm = 1 case are the same as in the leftmost column
in Figure 7, but creep towards unity as δm increases, as ex-
pected. The width and depth of the valley in fhighJ has also
increased as the width of qmax distribution and its mean value
increase. More in-depth analysis on how qmax functions in
terms of irregular grain ensembles can be found in Herranen
et al. (2019).
To exemplify the ability of the RAT mechanism to align
the grains without any assistance of the paramagnetic relax-
ation we provide in Figure 4 the alignment measure given by
Eq. (2) as a function of ψ for δm = 0.1. The calculations
assume grains in the interstellar radiation field in the solar
neighborhood (Mathis et al. 1983) for λ ∈ (300, 1920) nm,
using the 10-bin division of the wavelength range as before.
We see that a significant degree of alignment is expected in
the presence of ”pure” RATs.
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Figure 6. Left panel: The fraction fhighJ for a single range of ψ values as a function of λ/aeff . Right panel: The dependence of fhighJ on both
λ/aeff (x-axis) and ψ (y-axis) for the oblate 0.1-µm case.
Figure 7. Same as the right panel of Figure 6, but for the oblate
0.2-µm case.
5. DISCUSSION
5.1. Main points of this study
Properties of interstellar dust are tediously difficult to test
experimentally, thus the predictions of AMO need to be
tested using numerical methods or against astronomical ob-
servations in cases where possible. This work focuses on the
former, using contemporary scattering solutions with which
creation of statistically significant ensembles of model grains
is possible.
Hoang & Lazarian (2016, HL16) presented a contour map
for the critical magnetic relaxation parameter, δm,cri for
AMO (Figure 1), required to produce high-J attractor points.
There, it was found that for δm < 10, high-J attractors are
universal, and for smaller values, there are regions of interest
both in terms of qmax and alignment angle ψ.
As a rule of thumb, qmax values near unity are most prob-
lematic for the existence of high-J attractors. HL16 found
that when approaching ψ = 45◦ from smaller angles, δm,cri
is smallest for grains with qmax less than unity. The same
is true for qmax larger than unity when approaching from
the large angle side. This implies that fhighJ should peak
for numerical ensembles, given that the distribution of qmax-
factor contains values near unity, which was systematically
observed in section 3. The exact value for the δm,cri and the
critical value for the qmax likely differ from those obtained
from AMO, however, the trend suggested by AMO neverthe-
less appears.
In general, as the grain size compared to wavelength be-
comes smaller, or λ/aeff grows, qmax of the currently con-
sidered grain ensembles also decrease. This makes it pos-
sible for certain grains to traverse from the high-J ordinary
paramagnetic regime for small angles ψ, where the required
qmax for high-J attractor points is larger, to another ordinary
high-J regime when ψ is large.
In our wavelength-dependent study, we find that as grains
become smaller, qmax generally tends to gradually fall, al-
though the special significant drop around λ/aeff = 5 intro-
duces another general rule to the shape of qmax as a function
of λ/aeff . Thus, the decrease in fhighJ as a function of ψ
(Figures 6–8) should slightly drift towards smaller values of
ψ at this size range. The effect is produced by our study, and
is in good agreement with results predicted using AMO.
The leftmost columns in all exhibits in Figures 7–8, values
of fhighJ become more uniform as ψ > 20◦. The size region
is computationally very expensive to probe further. However,
if qmax and fhighJ are connected, the spread of qmax values
as grains grow be explained by AMO prediction from HL16.
HL16 states that for qmax values greater than unity at 20◦ <
ψ < 45◦, grains with large qmax should be well aligned, and
again, similarly for ψ > 45◦ and small qmax.
Using numerical evidence of ensembles of irregular grains,
it was found that qualitatively, the predictions of AMO are
correct. The importance of qmax was further solidified by
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Figure 8. Same as the right panel of Figure 6, but for the prolate 0.1-µm (left) and 0.2-µm (right) case.
Figure 9. Same as Figure 4, but for the oblate 0.2-µm case.
Figure 10. Alignment measure QJ for RAT alignment as in 4, but
for all 0.2-µm GRE grains in the interstellar radiation field.
the evidence, as it correlates with the likelihood of existence
of high-J attractor points. The numerical results also imply
that while the exact point of critical values for the parameters
may differ for different types of grains, the general behavior
is produced correctly also by AMO.
5.2. Role of RATs and limitations of the present study
An important question that is addressed in this paper is
whether or not the enhanced magnetic dissipation is neces-
sary for the explaining high degrees of alignment. The LH07
theory was formulated for no additional relaxation, while it
was shown in Lazarian & Hoang (2007) that the higher de-
grees of alignment can be achieved if the high-J stationary
points are stabilized in the presence of strong magnetic re-
sponse of the grains. The arguments in favor of the magnetic
grains are presented in Hoang & Lazarian (2016), while in
Lazarian & Hoang (2019) the observational procedures for
quantifying the grain magnetic properties were discussed.
In Hoang & Lazarian (2016) the tentative evidence in fa-
vor of the RAT enhanced by magnetic relation was obtained.
Considering a large sample of irregular grains, in this paper,
we have to conclude that the pure RATs potentially have the
ability of explaining the data. Indeed, the alignment mea-
sures obtained in Figure 10 are sufficiently large for a range
of angles in order to explain most of the observational data.
This is especially true if carbonaceous grains are also aligned
in the interstellar medium (Draine, private communication).
In the present paper we considered the B-alignment, i.e.
the alignment in respect to the magnetic field. As was
demonstrated in LH07, the alignment can also happen in re-
spect to the direction of radiation, provided that the preces-
sion induced by the Γ3 component of the radiative torque is
faster than the grain precession about the ambient magnetic
field. This process of k-alignment can be analyzed with our
present approach by assuming that ψ = 0.
RAT ALIGNMENT OF IRREGULAR GRAINS 9
The RAT alignment process is a complex one with only
a small fraction of grains getting into the high-J attractor
points initially. In the presence of time-dependent radiation
sources, LH07 demonstrated that the transient alignment is to
take place. During this process most grains are aligned in the
low-J attractor point on the time scale of the order of grain
precession induced by the Γ3 RAT component. However, on
the time of several τran the grains are getting to the stationary
alignment at high-J attractor points if such points are present
for the given combination of qmax and ψ.
For our calculation in the paper we assumed that the grains
are subject to the sufficiently strong radiation field that makes
grain at high-J attractor points rotate with velocities signifi-
cantly faster than the thermal one. These conditions are well
satisfied in the diffuse ISM for∼ 10−5 cm grains. For grains
shielded from the radiation in molecular clouds or accretion
disks as well as for grains with sizes appreciably different
from the typical wavelength of the impinging radiation, the
rotational rates of grains at high-J points can be reduced
to become comparable to the thermal rotation speed. Such
grains can be randomized by gaseous collisions and other
randomizing factors. The RAT alignment of such grains in
such conditions is decreased for ψ larger than 80 degrees.
According to Figure 8 in Lazarian & Hoang (2019), RAT
strength falls off for that range.
Our comparison of the RAT and DG alignment shows, first
of all, that in the presence of RATs the nature of grain align-
ment changes. The magnetic relaxation torques can be syner-
getic to the RAT actions, but they do not change the nature of
the RAT alignment. It is incorrect to assume that the RATs
spin up grains while the DG mechanism aligns them. It is
the RATs that are responsible for the alignment in the pres-
ence of the radiation with the wavelength λ of the order of
the grain size a. It is worth noting that the importance of the
condition λ ∼ a is frequently overestimated in the literature.
It is shown in Figure 31 in LH07 that the RAT efficiency de-
creases as (λ/a)−ν , where ν is in the range between 3 and
4. Therefore, for sufficiently strong sources of radiation with
λ > a the RATs can still be important. For λ < a we expect
the RATs to decrease slowly and get more irregular. Still, this
does not preclude the RAT alignment.
For the calculation of the grain alignment we assumed that
the internal relaxation within the sampled grains is fast to
get J aligned with the axis of maximal moment of inertia on
the time scale short compared to the characteristic scales of
grain randomization. The alignment for the opposite limit is
considered in Hoang & Lazarian (2009) where it is shown
that if grains have high-J attractor point the alignment of
grains without internal relaxation is perfect with long grain
axes perpendicular to the magnetic field.
5.3. RAT and other mechanisms of alignment
Grains with sizes much smaller than typical λ of the ambi-
ent radiation can be aligned through the magnetic relaxation.
A particular type of paramagnetic relaxation, namely, the
resonance relaxation was introduced in Lazarian & Draine
(2000). This mechanism can align nanoparticles that can be
responsible for the anomalous microwave emission (AME)
(see Draine & Lazarian 1998b). Another mechanism that
can align such small particles is the cross-sectional alignment
(Lazarian & Efroimsky 1996; Hoang & Lazarian 2018).
In addition, irregular grains can be aligned by Mechani-
cal Torques introduced in Hoang & Lazarian (2008) and fur-
ther quantified in Das & Weingartner (2016) and Hoang et al.
(2018). These torques have many similarities to RATs and
for grains moving in respect to the gas they dominate com-
pared to the stochastic torques introduced by Gold (1952).
In short, the RAT alignment that we considered in this pa-
per is not the only alignment mechanism. However, in most
of the astrophysical settings this mechanism is likely to dom-
inate. This paper helps to define the actual domain when the
RAT alignment takes place and evaluate the degree of align-
ment for an ensemble of irregular grains.
6. SUMMARY
In the paper above we have explored the grain alignment
for a collection of irregular grains of different shapes. Our
results can be summarized as follows:
• A significant part of irregular grains get perfectly
aligned with long axes perpendicular to the magnetic
field.
• For sufficiently strong radiation fields, the RAT align-
ment dominates the DG alignment.
• The increased magnetic susceptibility of grains im-
proves the RAT alignment by increasing the number
of grains that are perfectly aligned.
• The degree of RAT alignment that is obtained in the
absence of additional magnetic relaxation is large and
potentially can explain the polarization observations in
the interstellar medium.
• The importance of the grains to have strongly mag-
netic inclusions should be clarified through the detailed
comparison of the theoretical predictions and observa-
tions.
ACKNOWLEDGMENTS
J.H. thanks the UW Department of Astronomy for its hos-
pitality during his visit. A.L. acknowledges the support of
the NSF grant AST 1715754, and 1816234.
10 HERRANEN AND LAZARIAN
REFERENCES
Andersson, B.-G., Lazarian, A., & Vaillancourt, J. E. 2015,
ARAA, 53, 501, doi: 10.1146/annurev-astro-082214-122414
Crutcher, R. M., Wandelt, B., Heiles, C., Falgarone, E., & Troland,
T. H. 2010, ApJ, 725, 466, doi: 10.1088/0004-637X/725/1/466
Das, I., & Weingartner, J. C. 2016, MNRAS, 457, 1958,
doi: 10.1093/mnras/stw146
Davis, L. J., & Greenstein, J. L. 1951, ApJ, 114, 206,
doi: 10.1086/145464
Dolginov, A. Z., & Mytrophanov, I. G. 1976a, Soviet Astronomy,
19, 758. https://ui.adsabs.harvard.edu/abs/1976SvA....19..758D
—. 1976b, ApJ, 43, 291, doi: 10.1007/BF00640010
Draine, B., & Lazarian, A. 1998a, ApJ, 508, 157,
doi: 10.1086/306387
—. 1998b, ApJ, 494, doi: 10.1086/311167
Draine, B., & Weingartner, J. 1996, ApJ, 470, 551,
doi: 10.1086/177887
—. 1997, ApJ, 480, 633, doi: 10.1086/304008
Draine, B. T., & Flatau, P. J. 1994, J. Opt. Soc. Am. A, 11, 1491,
doi: 10.1364/JOSAA.11.001491
Gold, T. 1952, MNRAS, 112, 215, doi: 10.1093/mnras/112.2.215
Hall, J. S. 1949, Science, 109, 166,
doi: 10.1126/science.109.2825.166
Herranen, J., Lazarian, A., & Hoang, T. 2019, ApJ, 878, 96,
doi: 10.3847/1538-4357/ab1eb3
Hiltner, W. 1949, Science, 109, 165,
doi: 10.1126/science.109.2825.165
Hoang, T., Cho, J., & Lazarian, A. 2018, ApJ, 852, 129,
doi: 10.3847/1538-4357/aa9edc
Hoang, T., & Lazarian, A. 2008, MNRAS, 388, 117,
doi: 10.1111/j.1365-2966.2008.13249.x
—. 2009, ApJ, 697, 1316, doi: 10.1088/0004-637X/697/2/1316
—. 2016, ApJ, 831, 159, doi: 10.3847/0004-637X/831/2/159
Hoang, T., & Lazarian, A. 2018, ApJ, 860, 158,
doi: 10.3847/1538-4357/aac6e7
Hoang, T., Lazarian, A., & Andersson, B. G. 2015, MNRAS, 448,
1178, doi: 10.1093/mnras/stu2758
Jones, R. V., & Spitzer, Lyman, J. 1967, ApJ, 147, 943,
doi: 10.1086/149086
Kolokolova, L., Koenders, C., Goetz, C., et al. 2016, MNRAS, 462,
S422, doi: 10.1093/mnras/stw2843
Lazarian, A. 1994, MNRAS, 268, 713,
doi: 10.1093/mnras/268.3.713
Lazarian, A. 1995, ApJ, 453, doi: 10.1086/176382
Lazarian, A. 1997, MNRAS, 288, 609,
doi: 10.1093/mnras/288.3.609
—. 2003, JQSRT, 79-80, 881,
doi: 10.1016/S0022-4073(02)00326-6
—. 2007, JQSRT, 106, 225, doi: 10.1016/j.jqsrt.2007.01.038
Lazarian, A., & Draine, B. T. 1999, ApJ, 520, L67.
http://stacks.iop.org/1538-4357/520/i=1/a=L67
Lazarian, A., & Draine, B. T. 2000, A&A, 536, L15,
doi: 10.1086/312720
Lazarian, A., & Efroimsky, M. 1996, ApJ, 466, 274,
doi: 10.1086/177508
Lazarian, A., & Efroimsky, M. 1999, MNRAS, 303, 673–684,
doi: 10.1046/j.1365-8711.1999.02235.x
Lazarian, A., & Hoang, T. 2007, MNRAS, 378, 910,
doi: 10.1111/j.1365-2966.2007.11817.x
—. 2008, ApJ, 676, L25, doi: 10.1086/586706
Lazarian, A., & Hoang, T. 2019, ApJ, 883, 122,
doi: 10.3847/1538-4357/ab3d39
Lazarian, A., & Roberge, W. G. 1997, ApJ, 484, 230,
doi: 10.1086/304309
Markkanen, J., & Yuffa, A. 2017, JQSRT, 189, 181,
doi: 10.1016/j.jqsrt.2016.11.004
Mathis, J. S., Mezger, P. G., & Panagia, N. 1983, A&A, 500, 259
ADS:1983A&A...128..212M
Muinonen, K., & Pieniluoma, T. 2011, JQSRT, 112, 1747,
doi: 10.1016/j.jqsrt.2011.02.013
Philcox, O. H. E., Sherwin, B. D., & van Engelen, A. 2018,
MNRAS, 479, 5577, doi: 10.1093/mnras/sty1769
Purcell, E. 1969, ApJ, 158, 433, doi: 10.1086/150207
Purcell, E. M. 1979, ApJ, 231, 404, doi: 10.1086/157204
Spitzer, Jr., L., & McGlynn, T. A. 1979, ApJ, 231, 417,
doi: 10.1086/157205
Tazaki, R., Lazarian, A., & Nomura, H. 2017, ApJ, 839, 56,
doi: 10.3847/1538-4357/839/1/56
Waterman, P. 1965, IEEEP, 53, 805, doi: 10.1109/PROC.1965.4058
RAT ALIGNMENT OF IRREGULAR GRAINS 11
APPENDIX
A. DAVIS-GREENSTEIN ALIGNMENT OF AN OBLATE
GRAIN
We consider Davis-Greenstein (DG) alignment of rapidly
spinning, homogeneous, and ferromagnetic oblate spheroidal
grains. In the perturbative scheme of Lazarian (1997, L97),
DG alignment can be solved in a dimensionless manner using
ratios corresponding to grain axes (a/b < 1), gas and mag-
netic damping efficiencies (δm = tg/tdamp), and the tem-
peratures of dust and gas (Ts/Tg). The axis ratio gives the
eccentricity e =
√
1− a2/b2 of the grain.
Alignment with respect to an external magnetic field B re-
quires a correlation between the grain angular momentum
J and the grain axis directions. In the DG mechanism and
its subsequent modifications, the correlation is produced by
torques due to magnetic damping and gas damping. In the
following, a short review of the perturbative solution of L97
is described.
Gas bombardment enhances the alignment of suprather-
mally rotating oblate grains, as then the rotation about the
major inertia axis is also the mode of rotation with the least
possible drag. Geometrical factors Γi parallel and perpendic-
ular with respect to the symmetry axis of the spheroid with
eccentricity e are
Γ‖ =
3
16
(
3 + 4(1− e2)g(e)− e−2(1− (1− e2)2g(e))) ,
(A1)
Γ⊥ =
3
32
(
7− e2 + (1− e2)2g(e) + (1− 2e2) (1 + e−2(1− (1− e2)2g(e)))) ,
(A2)
with an auxiliary variable related to an oblate correction of
the surface area
g(e) =
1
2e
ln
(
1 + e
1− e
)
. (A3)
Next, we define some useful auxiliary variables. The ge-
ometric auxiliary γ = 1 − Γ⊥/Γ‖ and the ratio h = I‖/I⊥
of the grain principal moments of inertia parallel and per-
pendicular to the grain short axis provide shorthand describ-
ing the grain geometry. Also, a frequent assumption that
the mean rotational temperature of the grain is given by
Tm = (Ts+Tg)/2, which also relates to the average temper-
ature found in the Maxwellian description of the distribution
of the grain properties,
Tav =
Tm + Tsδm
1 + δm
. (A4)
In the perturbative scheme, the expected alignment degree
is iteratively given by
〈QJ,i〉 = 3
2
〈
cos2 ψi
〉− 1
2
. (A5)
The solution to (A5) is taken directly from L97, where the
next iterate of the mean square of the cosine of the external
alignment angle is
〈
cos2 ψi+1
〉
=
1
1− ℵ2i+1
1− ℵi+1√
1− ℵ2i+1
arcsin
√
1− ℵ2i+1
 ,
(A6)
ℵi+1 = Tav
Tm
+
γ
1 + δm
QX,iQJ,i. (A7)
The degree of internal alignment of the grain short axis and
J, is given by
QX,i =
3
∫ pi
0
cos2 θ sin θf(θ)dθ
2
∫ pi
0
sin θf(θ)dθ
− 1
2
, (A8)
f(θ) ∝ sin θ exp
(
−E(i)rot/kBTs
)
. (A9)
Rotational energy is proportional to the mean square angu-
lar momentum, which can be taken as the Maxwellian mean
value diminished by the paramagnetic relaxation, or
〈
J2i
〉
=
kTm(2I‖ + I⊥)
2 〈cos2 βi〉 , (A10)
yielding
E
(i)
rot(θ) =
〈
J2
〉
2I‖
[1 + (h− 1) sin2 θ]. (A11)
If the grain temperature approaches zero, the degree of inter-
nal alignment approaches unity, corresponding perfect inter-
nal alignment.
